Abstract-Particle size distribution (PSD) greatly influences other soil physical properties. A detailed textural analysis is time-consuming and expensive. Soil texture is commonly reported in terms of mass percentages of a small number of size fractions (typically, clay, silt and sand). A method to simulate the PSD from such a poor description or even from the poorest description, consisting in the mass percentages of only two soil size fractions, would be extremly useful for prediction purposes. The goal of this paper is to simulate soil PSDs from the minimum number of inputs, i.e., two and three textural fraction contents, by using a logselfsimilar model and an iterated function system constructed with these data. High quality data on 171 soils are used. Additionally, the characterization of soil texture by entropy-based parameters provided by the model is tested. Results indicate that the logselfsimilar model may be a useful tool to simulate PSD for the construction of pedotransfer functions related to other soil properties when textural information is limited to moderate textural data.
Another equation for soil PSD has been derived based on the observed scaling behavior of the number N(R) (or mass) of particles of size greater than a given R: Turcotte, in 1986 , showed the scaling rule
D being a number called the scaling fractal dimension, which is at present known as Turcotte's Law. Since then considerable work has been devoted to testing the fractality of the soil PSD (see ANDERSON et al. 1998, for a review, and TURCOTTE, 1992; TYLER and WHEATCRAFT, 1989; TYLER and WHEATCRAFT, 1992; Wu et al., 1993 for specific results). Soil PSD is usually reported by providing only mass percentages of clay (particles with sizes < 0.002 mm), silt (0.002-0.05 mm) and sand (0.05-2 mm). A method to simulate the distribution from this poor description would be extremely valuable for further use of PSD for various prediction purposes. To attain that objective, a hypothesis on the distribution is needed.
The power scaling (1.1) implies the fractal behavior of the particle size distribution. This fractal behavior of the PSD inspired the use of mathematical self-similar mass distributions to simulate the entire distribution (MARTIN and TAGUAS, 1998) . The selfsimilarity hypothesis was further tested in TAGUAS et al. (1999) .
In MARTIN and GARCIA-GUTIERREZ (2006) , the model was revised by changing the self-similar hypothesis into a logselfsimilarity assumption about the distribution, based on the fact that the mass of the clay, silt and sand textural fractions is comparable but the size ranges of these fractions (0.002, 0.048 and 1.95 mm) are only comparable in the log-scale. Random logselfsimilar cascades were used to simulate soil distributions beyond the available data, obtaining a surprising result: The best simulation results are attained when the variance of the random factor is close to 0, this is, using only exact logselfsimilarity.
The purpose of this paper is to test the strict logselfsimilarity of particle size distributions by means of iterated function systems: We test the capability to simulate the distributions with the minimum number of textural data inputs, that is, three or even only two soil textural fractions. We make a detailed study using a large dataset (USDA-SCS, 1975) and compare the results with those obtained following the previous self-similar hypothesis (MARTIN and TAGUAS, 1998) . We also test the characterization of textures via heterogeneity parameters provided by the logselfsimilar model. The paper is organized as follows: In section 2 the logselfsimilar model is explained in detail. In section 3, we present the materials which are used to test the model and the way in which the model is applied. Section 4 contains the results and section 5 provides the conclusions of this work.
Theory
Soil PSD is viewed as a distribution or measure that assigns to any interval / - [a, b] of R, the mass of soil particles whose size (equivalent diameters) is greater or equal to a and less or equal to b. Next we present theory related with self-similar mass distributions and the logselfsimilar model.
Self similar Mass Distributions (Measures)
Given a set of functions (linear transformations) HUTCHINSON, 1981) .
The set { <p t , p h i -1 ... m } is called the iterated function system (IFS) and the mass distribution is said to be the self similar mass distribution of the IFS. The support of the above distribution is the set / which verifies that
Moreover, one has that EVERSTZ and MANDELBROT, 1992 or FALCONER, 1997 , for further details). The exponent provides a measure of mass concentration around the point: The greater a(x) is, the smaller will be the mass concentration and vice versa. However, for simulated self-similar measures (or experimental measures with self-similar characteristics), the above theoretical approach is replaced with a coarse version involving a scaling analysis of overall information quantities instead of the pointwise local Holder exponents lacking practical sense in a natural setting. One common choice is to consider dyadic scaling down (EVERSTZ and MANDELBROT, 1992) , that is, succesive partitions of / of size L-s -L-2~k, L being the length of / and k -1,2, 3,... At every size scale s, a number N(E) -2 of subintervals (cells) /,, i -1 ... N(s) are considered and their respective measures ,«(/,•) -/*,-(£) assumed to be provided by available data. Now, the ratio log /*, -(s)/log£ is called the coarse Holder exponent of interval /, and the Holder spectrum is defined via a parameter q such that For exact self-similar measures, "« " in equation (2.6) may be replaced with the limit when e -> 0. In such a case, the function cc(q) for -co<q< +oo parameterizes the interval [(*""", a max ] of local Holder exponents.
On the other hand, a suitable fitting of equation (2.6) applied to experimental data, for a certain range of scales, may reveal that the measure concerned has self-similar features within that range.
The Logselfsimilar Model
Soil PSD is defined by assigning to each interval I = [a, b] C R the mass (j,(T) of particles whose size is in that interval. This distribution can be seen as the result of a fragmentation process, this is, an iterative processs acting within a range of scales. Experimental data on this distribution showed power scaling of the type reflected in Section 1 (ANDERSON et al., 1998) . This fact suggests that the distribution should have scale-invariant behavior: If we zoom into the mass interval to see it at a finer scale, it should resemble (statistically) the structure of the whole interval: A photograph of soil looks similar at every scale; it is impossible to guess the size of elements in the picture.
Once the invariance with respect to the scale becomes a sensible hypothesis, the problem that arises is to determine how this invariance-based model can be used. MARTIN and TAGUAS (1998) proposed a self-similar model generated by iterated function systems (IFS) that was useful for simulating self-similar PSDs from the knowledge of common textural data (clay, silt and sand mass proportions). This model generates a self-similar mass distribution via an iterative process that allocates the relative mass proportions of the elementary size classes in reduced linear copies of the size interval. Testing this model showed that the use of the clay (soil particles smaller than 0.002 mm.), silt (2-50 mm) and sand (50-2000 mm) fractions, for example, as inputs for the model lead to a very unrealistic simulated PSD. The reason is that these three fractions (subintervals of the mass size distribution) contain similar amounts of mass, however the respective sizes of the intervals differ by orders of magnitude (viz. 0.002 mm, 0.048 mm and 1.95 mm, respectively). The simulations lead to vast amounts of soil mass accumulated in very small linear copies of the size interval (specifically in the reduced linear copies of the clay interval), which contradicts common pedological knowledge. MONTERO and MARTIN (2003) computed the Holder spectrum of soil texture data obtained with laser diffraction, and the scaling behavior was excellent when the interval of sizes was log-rescaled. In fact, using the log-rescaled interval instead of the usual interval in scaling analysis is strongly supported by the nature of the data provided by texture analysis instruments (see MARTIN et al., 2001; MONTERO and MARTIN, 2003) .
These facts suggested a reconsideration of the selfsimilar model (MARTIN and GARCIA-GUTIERREZ, 2006) . The key idea is to view the PSD as the result of an iterative process that spreads the mass in the log-rescaled particle size interval. Such property is called logselfsimilarity. In MARTIN and GARCIA-GUTIERREZ (2006) random cascades were used to simulate the PSD. The random factor of the model agglomerates all the causes different to logselfsimilarity that could explain the PSD. When variance is 0, the random factor disappears, and logselfsimilarity is the only explanation for the soil PSD. The best simulation results were attained when the random factor was 0, therefore supporting the logselfsimilar behavior of the distribution. This fact lead us to using strict logselfsimilarity and simulating the PSD by utilizing the iterated function system (IFS).
Below we describe an IFS simulation for a PSD based on the logselfsimilarity hypothesis. It is a simple algorithm by which we can obtain the mass of soil particles with sizes within a given interval I C IQ, being I 0 -[0,2000] the textural interval.
Let pi be the mass proportions of soil particles corresponding to the size fractions /,, i -1 ... q. Thus IQ = Uf =1 /,-.
Let I,-be the linear transformations that map fo into /,. That is
The new linear transformations, q> t , are the ones that transform fo into /,, with the same probabilities p t , i -1, 2, 3.
Then begins the iteration procedure:
(1) Take any starting point x 0 from the support I 0 .
(2) Choose randomly, with probability p h one of the three linear transformations <p t , i -1,2, 3 and calculate the next point of the simulation: x\ -cpi(x 0 ).
(3) Continue the process as in (2), obtaining all the points of the simulation: x^ -<p,(x^_i), with probability p t , chosen randomly, i -1, 2, 3.
This process defines a limit measure that is multifractal. With the points x 0 , xj,..., x" we can obtain the measure at any interval / C IQ, fi(T), by m(n) being the number of points of the orbit x, that fall within the interval /. For this we have to calculate / -<!>(/) and count m («), the number of points of the orbit that fall within /* = <P(I) C IQ. Then we calculate ji (I*) = ji (I).
The estimate of ji{I) is obtained very quickly in the practice, since the convergence of the algorithm is extremely rapid. In fact, computed ji{I) did not change after n -3000.
Heterogeneity Parameters
Soil PSD is used in most pedotransfer functions, that is, functions that estimate certain soil properties that are difficult or expensive to measure, in an indirect way via empiric correlations ( VAN GENUCHTEN and LEU, 1992; WOSTEN et al., 2001) . For example, soil hydraulic properties are estimated by using parameters that characterize the shape of the PSD. Therefore PSD characterization and subsequently soil textral classification is an important issue in soil sciences.
The USDA textural triangle is the most common way to classify soil textures. It uses the standard PSD available data (clay, silt and sand mass fractions) to classify the soils in 13 different types (textural classes), according to specific mass fraction boundaries for each class. Other classification systems (FOLK, 1954; SHEPARD, 1954; BAVER et al., 1972; VANONI, 1980) follow the above scheme, only with variations of the mass fraction boundaries, however these classifications are rather poor because soils with very different physical properties may fall under the same class.
Also, the use of previously mentioned fractal dimensions in soil classification proved useless, as texturally different soils can have the same dimension. There is a need to develop additional parameters to characterize soil structure that might be better predictors of soil properties.
The entropy dimension is a parameter that measures and characterizes the degree of heterogeneity of a complex distribution. Is it difficult to obtain this parameter directly from a distribution, but a well-known result from fractal geometry DELIU et al., 1991) allows one to compute this parameter with a simple formula when the distribution is (or is assumed to be) self-similar. This assumption, earlier used to describe and simulate the PSD, was later used in MARTIN et al. (2001) to parameterize the soil texture with entropy dimensions. The textural triangle regions were changed for intervals of values of entropy dimensions, thus obtaining a continuous parameterization of soil texture. MARTIN et al. (2005) used the balanced entropy, which corrects the distortion of the entropy when the size of the intervals are not equal, to parameterize soil texture and predict soil volumetric water content.
Holder exponents provide information about the mass of particles with sizes within various ranges, and can be related to physical or hydraulic properties related to the packing of particles, like soil water retention. These heterogeneity parameters can be obtained from available texture data, using the model's logselfsimilarity hypothesis.
The Holder spectrum cc(q) of the measure v on the rescaled interval is given by (see FALCONER, 1994 FALCONER, , 1997 is consistent with the entropy dimension of the distribution, v, mentioned above. These heterogeneity parameters, obtained through the new logselfsimilarity hypothesis (MARTIN and GARCIA-GUTIERREZ, 2006) can be used to characterize the PSD heterogeneity, to quantitatively classify the soils, and potentially to estimate soil hydraulic properties.
Materials and Methods
The data used to simulate and test the logselfsimilar theory corresponded to the upper two horizons of soils reported by the Soil Conservation Service (1975) . Soil data included the mass proportions m t of particles in eight size classes (mm): clay (< 0.002), silt (0.002-0.02) and (0.02-0.05), very fine sand (0.05-0.1), fine sand (0.1-0.25), medium sand (0.25-0.5), coarse sand (0.5-1) and very coarse sand (1-2). In order to use these data to construct an IFS, we shall denote by [a, b] These data offer the possibility of using some of them as inputs for the model and simulate a fractal soil PSD associated with it. The simulated data then can be compared with the real data, not used as input for the model to estimate the goodness-of-fit of the simulation.
We also try to find which intervals, from all available in one soil, used as input values for the model, yield the best simulation results.
The number of linear transformations in the simulation vary from 2 to 8, according to the available data. With 2 linear transformations the number of cutoff points is 7, thus there are 7 different input value possibilities. With 3 linear transformations the number of input value possibilities is 21; with 4 linear transformations it is 35. Thus, the method provides a great number of potential simulated PSDs.
To run most of the tests on the model we used 3 linear transformations. The reason for this choice is that three is the number of the most commonly available textural data, namely: the mass percentages of clay, silt and sand. In some cases additional simulations were made following TAGUAS et al. (1999) , in order to compare those results to the ones obtained with the logselfsimilar cascade model. Both simulation methods use the same soil data as inputs and for comparison with their simulated counterparts.
The model was also tested with two linear transformations and the results were compared with the use of three linear transformations.
We constructed the three linear transformations with different possible logselfsimilar IFS {(P1,(P2,(P3',P1,P2,P3} by using the following procedure: (1) Select two cutoff points a and (1 among the seven possible choices, a < /?. (7 ! ), and assign them the same probability as to the initial intervals. Also calculate the set / -<J>(7) (4) Let cpi be the linear transformation which maps the interval / into /,.
These rules permit us to make up to 21 IFS simulations for each soil, depending on the values of the two cutoff points (a and /?). Another 21 simulations were performed in accordance with the self-similar scheme of TAGUAS et al. (1999) . The results obtained with these methods were compared via the error of the respective simulations, defined as nit being the real mass proportion in the size class /,, and m, the mass proportion assigned to the same size class by the simulation. This error was used in TAGUAS et al. (1999) , where the self-similar model was tested, therefore we use the same formula in order to keep coherence on the testing method. A similar formula was employed earlier in VRSCAY (1991) . The rationale for dividing by two 3.1 in is the following: the formula adds mass deviations for the intervals. A positive mass deviation in one interval derives from a negative one in another, and vice versa. In some way, mass deviations are accounted two times, therefore we divide by two.
For each soil 21 different simulations were created with the different input value possibilities, and 21 different error values were obtained. We used the minimum one as the error of the PSD simulation because it corresponds to the best simulation result with the logselfsimilar model (using only three data).
The above scheme varies slightly when using 2 linear transformations (instead of 3). In this case there is only one possible cutoff point choice, and the number of intervals is only 2. The number of possible IFSs per soil is 7 when the first interval starts at zero, but we also tested the IFS when the first interval starts at 0.002, this is ignoring the clay fraction. The number of possible IFs in this case is 6, which is the number of possible cutoff points {0.05, 0.1, 0.25, 0.5, 1}.
The error in this case was also calculated with 3.1.
Results and Discussion
Textural data of 171 soils have been studied. We excluded soils whose mass proportions were polarized into any of the three classes (silt, clay or sand). Therefore, the soils whose clay and sand content was more than 85% and those whose silt content was more than 90% were eliminated from the list. The number of remaining soils was 158.
First we used three linear transformations (3 subintervals or mass proportions) as input values for the model to compare it to the previous self-similar model (TAGUAS et al., 1999) . For 111 soils (70.3% of the selected soils) the error was smaller in the logselfsimilar model than in the self-similar.
The average error of the logselfsimilar simulations was 10.9 whereas the average error for the self-similar ones was 14.7.
With 3 linear transformations the error for each soil is the minimum of the errors of the simulations with the 21 different input value possibilities. For the self-similar case the minimum is attained with the 0-0.002-0.020-2 partition as input values on 90 out of the 158 soils (57%). The next partition with the most minimums is 0-0.05-0.1-2. For the logselfsimilar case the minimum is attained with the partition 0-0.002-0.02-2 in 34 soils (21.5%) and with the partition 0-0.002-0.5-2 in the other 22 soils (13.9%).
Another test was to measure the error on all the soils for the clay, silt and sand fractions, which are the most readily available soil data, in the logselfsimilar model and in the self-similar model. Clay particles have diameters between 0 and 0.002 mm, silt particles have diameters between 0.002 and 0.02 mm in the ISSS classification, and between 0.002 and 0.05 mm in the USDA classification. The particles with sizes between the upper limit of the silt and 2 mm are considered to be sand particles. Therefore the two input values tested were 0-0.002-0.02-2 (ISSS) and 0-0.002-0.05-2 (USDA). In the ISSS partition case the mean error was 20.0 for both cases. In 93 soils (58.9%) the error was smaller in the logselfsimilar simulation. For the USDA partition the mean error was 29.6 for the self-similar case and 23.9 for the logselfsimilar case. In 127 soils (80.3%) the error was smaller in the logselfsimilar simulation of the soil PSD.
By using 2 initial linear transformations (two input values), instead of 3, we compared the results with the self-similar model using the same number of linear transformations. This test was done in two ways: with the first interval starting from size 0 and with the first interval starting from size 0.002, this is, not counting the clay subinterval. The mean value of the error of all the soils tested (158, the selection mentioned above) was 22.3 for the logselfsimilar model and 30.3 for the selfsimilar one, when the first interval contained the clay fraction. When the clay fraction was not included in the simulation, this is, when the first interval started at 0.002 mm., the mean value of the error was 37.7 for the logselfsimilar case and 41.2 for the selfsimilar case.
The results demonstrate that the logselfsimilarity hypothesis is more realistic than the previous self-similar hypothesis when using only two linear transformations. The results also show that the use of two linear transformations yields greater errors than when using 3 linear transformations. When increasing the number of inputs in the model, soil PSDs are simulated better. The number of input values depends on the textural fractions that are known from the soil, which is usually three. The results also show that the soil particles in the clay fraction are also involved in the fractal logselfsimilar structure of the PSD. This is a surprising and not expected result because clay particles are presumably formed not as a result of a fragmentation process, which is the explanation for the fractal logselfsimilar structure of the PSD.
The Holder spectrum cc(q) for all soils was calculated for several values of q. Table 1 shows the mean values of a(0), a(l) and a(l)/a(0) for the different textural classes of the USDA textural triangle in all 171 soils. For this parameter the Loam, Sandy Loam and Sandy Clay Loam classes are not distinguishable. The same is true for the Silt Loam and Silty Clay Loam classes. Nonetheless, when varying the parameter q the Holder spectrum is capable of distinguishing between those classes: Table 2 shows the Holder parameters for the previous classes with q -2, -2, 10, -10.
The heterogeneity parameter wellness depends on the chosen model. The better the model, the more accurately the parameters will quantitatively characterize the texture and, in addition, the better to establish regressions with soil physical properties or build new pedotransfer functions. 
Conclusions
The fractal logselfsimilar hypothesis for the structure of the soil PSD was tested in this work. The new model was compared to the previous self-similar one on quality data and was found to substantially improve the simulation of the soil PSD.
When using 3 input values the errors of the logselfsimilar simulations were smaller than the errors when using the self-similar model for 70% of soils and the average error was 10.9, in contrast to 14.7, which was the average error with the previous model. The error mean values when using just two input values were 22.3 and 30.6, respectively.
The The heterogeneity parameters provided by the model can quantitatively characterize soil texture and may be used to build new pedotransfer function or be related to soil physical properties related to PSD.
